Abstract. We give in Theorem 7 a complete characterization of the title groups.
This implies that G/R is minimal nonabelian. For each maximal subgroup H of G, H ′ ≤ R < G ′ and we are done.
Proposition 5 (Ćepulić and Pylyavska). Let G be a title p-group with p > 2. Then for any a, b ∈ G, we have [a
Proof. We set g = [a, b]. If g commutes with a, then for each n ≥ 1 we prove by induction that [a
In particular, we have [a
We assume now that [g, a] = z = 1. Since g, a < G, Proposition 1 implies that o(z) = p and z ∈ Z(G). We note that
and so continuing we get finally:
where we have used the fact that p > 2. We have proved that in any case we get [a
p , and so our proposition is proved.
Proposition 6. Suppose that G is a p-group which has one of the following properties:
Then G has the title property, i.e., |H ′ | ≤ p for each proper subgroup H of G.
Proof. If G is a p-group in (a), then obviously G has the title property. Suppose that G is a p-group in (b). By Proposition 4, for each H < G we have H ′ < G ′ and so G has the title property. Now assume that G is a p-group in (c).
But in that case G has p+1 abelian maximal subgroups and this implies (Exercise P1 in [3] 
In the second case we may use Lemma 1.
We have proved that in this case G has the title property.
Suppose that G is a p-group in (d). For any x, y ∈ G we have [
It follows that p+ 1 maximal subgroups of M which contain Φ(G) are abelian. This implies that |M ′ | ≤ p and we are done.
Theorem 7. A p-group G has the property that each proper subgroup of G has its derived subgroup of order at most p if and only if one of the following holds:
Here we have Φ(G) = Z(G). 
For any x ∈ G we have g x = ge with some e ∈ E. Then g
We have obtained the groups given in part (c) of our theorem.
(i2) It remains to consider the case p = 2. Assume in addition that
We compute the commutator subgroups of our three nonabelian maximal subgroups X 1 = Φ(G), a , X 2 = Φ(G), b and X 3 = Φ(G), ab , where we note that we must have |X
we have X ′ 1 = c 1 and so we must have g 2 c 2 ∈ c 1 . This forces either
we have X 
